Statistical characteristics of strength distribution in ceramic components should be clarified because of large scatter in ceramics strength. Characteristics of strength distribution, however, depend on sample size, i.e., the number of tested specimens. In this study, a numerical procedure in the framework of fracture mechanics was developed to estimate strength distribution of ceramics by assuming the same statistical distribution of cracks in a material. Experimental results in four-point bending tests of alumina, which were reported in a previous work, were cited to verify the validity of the developed procedure. Smooth specimens of distinct sizes as well as notched specimens with different notch shapes were used in the experiment. Monte Carlo simulations using the developed procedure were carried out to investigate effects of the sample size on strength properties of alumina specimens with various shapes. The simulated result revealed that the experimental strength for various types of specimens was almost covered within a range of upper and lower bounds of strength simulated for the alumina. The experimental mean strength correlated with the effective volume was also included in a band range between the maximum and the minimum of mean strength obtained by the simulation.
Introduction
In experimental studies, a number of specimens to be tested, which is the so-called a sample size, is usually limited around 10 to 20 in one testing condition. Such a sample size affects statistical characteristics of strength obtained in experiments. In ceramic materials, especially, it is recognized that large scatters are observed in their strength properties and caused by dispersions in shapes and locations of pre-existing flaws (Ref 1). The sample-size effect, however, cannot be appropriately evaluated by experimental investigations, because it is difficult to prepare extremely many specimens of a ceramic material. This implies that some analytical procedures are required in adequately estimating the sample-size effect on strength of ceramic components. In establishing proper analytical procedures, it should be notified that the strength of a ceramic component is dominated by a pre-existing flaw. Therefore, such analytical procedures should be established on basis of statistical and spatial distributions of flaws, which are generated during processing of ceramics, such as powder mixing, sintering, and grinding. In a previous work (Ref 2) , a numerical procedure was proposed by considering statistical and spatial distributions of flaws, and grinding-induced residual stress.
In this investigation, the numerical procedure proposed in a previous work (Ref 2) was developed so that simulations for the same specimen geometry could be executed many times of more than a few hundreds order. Simulations using the developed procedure were iterated one thousand times for the same type of specimen. Sample-size effect was examined by grouping from one thousand results. It was verified whether the developed procedure should be adequately applied to the present issue. In the verification, simulated results were compared with experimental results, which had been obtained in four-point bending tests using smooth specimens with distinct sizes as well as notched specimens with different notch shapes of a sintered alumina (Ref 3) . In addition, the applicability of the effective volume proposed by Davies (Ref 4) to the well-known size effect on strength was also discussed using simulated and experimental results.
Procedure of Simulations on Strength

Outline of Simulation Procedure
The procedure in the present simulation is essentially based on a previous one (Ref 2). The previous procedure, however, is modified by taking account of the following two points. At first, notched specimens subjected to bending are considered in the simulation, as mentioned below. It should be noted that a stress state in notched specimen cannot be evaluated theoretically. In the simulation, the stress state is evaluated using a finite element method (FEM). The previous procedure is modified so that results in FEM analyses could be input directly in the procedure. This modification is indicated in Fig. 1 , which shows a flow chart to present the whole simulation procedure. Second, a source code of simulation program is improved to enable to execute large number of simulations.
In the following, an outline of the other simulation procedure will be summarized, excepting the aforementioned modifications. Ceramics as sintered materials inevitably include flaws generated in their processing. Pores among grains are formed in binding ceramic powders, and sometimes impurities are included in mixing powders and additives at the first stage of powder processing. Dangerous flaws in ceramics are also generated during grinding process in addition to sintering process. Inherent and grinding-induced flaws are distributed in a specimen. In the simulation, such flaws are modeled as circular, semi-elliptic, or quarter-elliptic cracks. Number of these cracks in a specimen is determined by respective densities of inherent and grinding-induced cracks. Cracks in a specimen are randomly located only within the region, which is subjected to tensile stress in the specimen. It is assumed that the failure of each specimen is dominated by the crack having the maximum stress intensity factor K max among all cracks distributed in the specimen. The fracture stress of one specimen is determined as the applied maximum stress r a , at which a calculated value of K max is just equal to the fracture toughness K C of the specimenÕs material. Such a calculation is repeated for the number of iterations to reach one thousand in the present simulation. The iterated calculations give one thousand distinct data of strength.
Procedure to Evaluate Strength
It has been reported (Ref [5] [6] [7] [8] ) that a fracture-mechanicsbased criterion for long cracks cannot be directly applied to the strength evaluation of ceramic components, which are fractured originating from small cracks. In this simulation, the following approximation (Ref 6 ) is adopted in the evaluation of a valid K value for a small crack with length a.
A length parameter a o is a crack length to be added to the original crack length a. In Eq 1, r a is the applied stress, and M K is a magnification factor given by considering the shape and location of the crack as well as the stress distribution in a specimen. The value of M K is determined using published numerical results (Ref [9] [10] [11] according to the aforementioned situations of crack. The maximum K max is obtained among all K values calculated for cracks located in a specimen, and the applied stress r a at the fracture of the specimen is designated as the strength r f . The fracture criterion, i.e., K max = K C , combined with Eq 1 is rewritten as follows.
Using Eq 2, the strength value of one specimen is finally determined by the length a and the magnification factor M K of a crack dominating a fracture of the specimen. A grinding-induced residual stress exists usually in a ground specimen, and affects the strength properties. Such a residual stress, however, is generally known to be compressive on the ground surface. In a previous work (Ref 2) , the strength of ground ceramics was simulated by considering a grindinginduced residual stress, and it was elucidated that the strength increased up to about 40 MPa due to compressive residual stress. In general, however, it is not easy to measure a grindinginduced residual stress, and ignoring such an effect of compressive residual stress on strength results in rather a conservative estimation of strength. Consequently, for practical application, the effect of grinding-induced residual stress is not considered in the present simulation.
Procedure to Determine Length and Positions of Distributed Cracks
The density of inherent cracks is defined as the number of cracks per unit volume, while the density of cracks caused by grinding is given as the number of cracks per unit surface area because of the damage restricted on the ground surface. In determining positions of individual cracks, a Cartesian x-y-z coordinate is introduced within the tensile region of a specimen under bending. In this coordinate, x-and y-axes are, respectively, set to be parallel and vertical to the longitudinal direction of the specimen, and z-axis is in the transverse direction (width direction) of a specimen (see Fig. 2 ). By considering no stress gradient in the width direction (z-axis) of specimen under bending mode, positions of cracks existing in an arbitrary cross section are projected in z direction and onto x-y plane. Therefore, in the simulation, the position (x, y) of a crack is prescribed on the x-y plane. For example, the position of ith crack in a specimen is described as (x i , y i ) on the x-y plane as shown in Fig. 2 . Crack positions are randomly given using a series of quasi-uniform random numbers. Individual cracks are classified into three types, i.e., embedded, surface, and corner cracks, according to their crack position in a specimen. For a The length a of each crack is given independently of its position using a different series of quasi-uniform random numbers. The size distributions for inherent flaws formed during a sintering process and for grinding-induced flaw are, respectively, expressed using two distinct functions F(a) of cumulative probability as follows.
The above equation is a type of Weibull distribution with three parameters, i.e., location parameter a L , scale parameter a S , and shape parameter a. These parameters are determined for inherent and grinding-induced cracks. It is also presumed that distributions of inherent and grinding-induced cracks are common to smooth parts in all types of specimens. However, a different distribution of grinding-induced cracks is given in the notched part in a notched specimen.
Crack-Related Parameters
Material to be examined in this work is a pressureless sintered alumina, which was produced by the Japan Fine Ceramics Center and designated as AL-1.
Crack-related parameters used in simulations for specimens of AL-1 are summarized in the following. Size distributions and densities of inherent and grinding-induced cracks in smooth parts are determined so that the resultant statistics of simulated strength should coincide with the reference strength data obtained in a round robin test (Ref 12) , because the sample size in the round robin test was very large. The sample size in the round robin test was 287. The round robin test was carried out using Japanese Industrial Standard (JIS)-type specimens (Ref 13) of the same alumina in different institutions. The JIS-type specimen has a dimension as 3 mm in thickness, 4 mm in width, and 40 mm in length. The conditions of machining specimens are shown elsewhere (Ref 3). On the other hand, length distributions and densities of inherent and grinding-induced cracks in ground parts are determined by trial and error to get the best fitting for two types of notched specimens. As a summary, crack-related parameters adopted in the present simulation are listed in Table 1 and 2.
The modification using Eq 1 is applied in evaluation of a valid K value for a small flaw. The additional length a o in Eq 1 is set to be 50 lm, and the length a o is found to be appropriate in fitting experimental relations of strength versus flaw-size in the alumina AL-1.
Sample-size simulations
An effect of sample size on the mean strength will be discussed in the following. For such a discussion, 1000 trials for respective specimen-geometry are made by creating 1000 different combinations of length and position distributions of cracks using 1000 distinct series of quasi-uniform random numbers. This implies that the simulation results in 1000 data of strength for each type of the specimen. To investigate a sample-size effect on strength properties, seven groups are constructed by randomly sampling different specimens from 1000 specimens, which have their individual strength. The grouping is as follows: 100 groups of 10 specimens per one group, 50 groups of 20 specimens, 20 groups of 50 specimens, 10 groups of 100 specimens, 5 groups of 200 specimens, 4 groups of 250 specimens, and 2 groups of 500 specimens. The sample size in each group and its corresponding mean strength are, respectively, plotted on abscissa and ordinate in Fig. 6 to 10. 
Experimental Background Data
Results in a previous work (Ref 3) will be used in discussing the validity of the developed procedure in the next chapter. Therefore, as experimental background date, the experimental results are summarized in the following.
The material used in strength tests is an alumina of AL-1, which has density of 3. , Vickers hardness of 1.65 GPa, and YoungÕs modulus of 380 GPa. Smooth specimens of the alumina were machined into three types with distinct dimensions of thickness, width, and length, respectively, as follows: 3 9 4 9 40 mm, 4 9 4 9 40, and 6 9 4 9 40 (see Fig. 3 ). Smooth specimens having a cross section of 3 9 4 mm, 4 9 4 mm, and 6 9 4 mm will be designated S-34, S-44, and S-64, respectively. In addition, notched specimens with two types of blunt notches as shown in Fig. 3 were prepared. Notched specimens of 4 9 4 9 40 mm with a semicircular notch of 1 mm root-radius, and 6 9 4 9 40 mm with a semicircular notch of 3 mm root-radius are designated N-R1 and N-R3, respectively. Both types of notched specimens were machined so that the minimum cross section at the notch-root should be equal to that in the standard specimen, i.e., 3 9 4 mm (see Fig. 3 ). Stress concentration factors were calculated using FEM, and they were, respectively, 1.71 for N-R1 and 1.26 for N-R3. Sixteen specimens for every specimen-geometry were prepared, and tested under four-point bending with an outer span length of 30 mm and an inner span length of 10 mm, in an ambient atmosphere. Statistical parameters of bending strength r f are summarized in Table 3 . The shape and scale parameters are also indicated in Table 3 . These parameters were obtained in the strength distribution fitted by a Weibull distribution function F(r f ) of two-parameter type
In the above equation, parameters r S and m are, respectively, the scale and shape parameters. No remarkable change in the shape parameter m is observed as seen in Table 3 ; the m value is around 20. A similar tendency on strength dispersion is also confirmed by examining a difference in the coefficient of variation CV. The value of CV in Table 1 is calculated as the standard deviation divided by the mean value.
Simulated Results and Discussions
Comparison of Simulated Results with Strength in Round Robin Test
At first, simulations for the specimen with JIS-recommended shape, which was adopted in the round robin test, are conducted to verify the validity of main parameters selected to specify crack distributions. Figure 4 presents a comparison between the simulated mean strength and the experimental one. In Fig. 4 , the mean strength obtained in the round robin test using 287 specimens is plotted with a solid square mark. As seen in simulated results depicted with open circular marks, the mean strength r m in a respective group changes according to the sample size of each group. As a general trend, a scatter of mean strength becomes larger by decreasing the sample size. Dotted curves in Fig. 4 present upper and lower bounds covering a scatter of simulated mean strength. The curves are approximated by expressing the variation of mean strength as quadratic functions of logarithms of sample size. It is found that the experimental result is almost included in the range between the upper and the lower bounds in the scatter of simulated mean strength.
The scatter of mean strength in respective group is discussed using the CV. Figure 5 shows the comparison of the result in the round robin test with simulated results. In Fig. 5 , too, dotted curves present upper and lower bounds covering a scatter of simulated CV. They are also approximated in a similar way as the case in Fig. 4 . Although the value of CV in the round robin tests is a little bit smaller compared with the lower bound of simulated results, such a difference may be within a permissible range. Consequently, it is may be concluded that the parameters of crack distributions adopted in the present simulation are adequately applied to the estimation of strength of the alumina AL-1.
Results in Strength Simulated for Various
Specimen-Geometry Figures 6, 7, 8, 9 , and 10 present the mean strength r m obtained by simulations for S-34, S-44, S-64, N-R1, and N-R3, respectively. In every figure, the strength range in the ordinate is the same set to be 150 MPa so that an extent in strength scatter could be directly compared. Two dotted-curves in these figures present the upper and the lower bounds, which can cover a scatter of simulated mean strength depending on the sample size. These curves are approximated by expressing the variation of mean strength as quadratic functions of logarithms of sample size, which pass the data point at the sample size of 1000.
As aforementioned, the sample size in the previous experiment is 16 for every type of specimen, which is very small compared with the sample size in the round robin test. The experimental results of mean strength, however, are sufficiently included within the range of simulated scatter bounds. Variations in simulated mean strength are almost similar, excepting N-R1 type specimen, i.e., the notched specimen with a notchroot-radius of 1 mm. The largest dispersion in the simulated mean strength is observed in N-R1 type specimen. It is speculated that such a large scatter observed in N-R1 type specimen may be attributed to the steepest stress-gradient around a notch. A dominant crack located around notch-root reduces strength, while a dominant crack existing away from notch-root increases strength. Consequently, it is suggested that a steeper stress-gradient results in a larger dispersion in strength. Although figures associated with CV for various types of specimens are not included in this paper, it is also confirmed that the experimental results on CV are included within the range of simulated scatter bounds.
Statistical parameters of 1000 strength data obtained by simulations for various types of specimens are summarized in Table 4 . As seen in the table, the mean strength, r m , of 1000
Effective Volume and Its Correlation to Bending Strength
In the above, five different specimen-geometries are investigated, and the dependence of strength on the specimengeometry is clarified. Such a specimen-geometry effect on strength has been successfully explained using the effective volume in ceramic materials (Ref 14) . In the following, the influence of specimen-geometry on strength will be discussed incorporating the sample-size effect. For a homogeneous 
Stress parameters r v and r R in the integrated part of Eq 6 are respectively a stress in an infinitesimal volume dv and a representative stress in specimen. The power parameter m in Eq 6 is the shape parameter in a two-parameter Weibull distribution function, which is fitted to a strength distribution.
The maximum stress generated in a component is usually adopted as r R and is used as its fracture strength. The effective volume is correlated with the bending strength in simulations and experiments. The effective volume is calculated for a smooth specimen under four-point bending with outer span of 30 mm and inner span of 10 mm, which are adopted in the present simulation and its related experiments. Using a theoretical stress distribution in a smooth specimen under bending, the effective volume for the smooth specimen is calculated from Eq 6 as follows:
In Eq 7, V is the whole volume within the outer span of the specimen. Since it is reasonable to consider that no fracture occurs in the region under compression, the region of r v £ 0 is excluded in the volume integration of Eq 6. Differently from the case in a smooth specimen, however, there is no theoretical stress distribution in a notched specimen. Therefore, the effective volume for a notched specimen is evaluated by stress distribution given in an FEM analysis and by substituting a summation for the volume integration. The effective volume for the notched specimen is approximately calculated by the next equation.
In Eq 8, r i and r max are, respectively, the normal stress in the ith element in the FEM mesh of a notched specimen and the maximum stress calculated by the FEM analysis for the notched specimen. The volume of the ith element, V i , is given by multiplying the area of the element by its thickness. The summation with respect to i in Eq 8 is made only for elements, in which the normal stress in the longitudinal direction of a specimen is positive, for the same reason as in the volume integration. A direct verification on the validity of the evaluation using Eq 8 cannot be made for the notched specimens due to lack of theoretical stress distribution. However, the validity is verified for smooth specimens by confirming the difference within ±5% between the theoretical calculation by Eq 7 and the result approximated by Eq 8.
The mean values of strength for ceramic components with different effective volumes of V E1 and V E2 are, respectively, denoted by r ml and r m2 . In this case, the relationship among these parameters is given by the next equation (Ref 14) .
When the mean strength r m,ref corresponding to a reference effective volume V E,ref is given, the relation between an arbitrary effective volume V E and its corresponding mean strength r m is expressed from Eq 9 as follows.
This implies that the relation between r m and V E can be expressed with a straight line when values of these parameters are plotted on log-log diagram. The effective volume V E is evaluated using Eq 7 or 8 for the corresponding specimen type. Values of m for five types of specimens were obtained by fitting the strength distributions with two-parameter Weibull distribution functions for respective types of specimens. As mentioned previously, however, the m value for each type of specimen in simulations and experiments was different each other. Therefore, the averaged m values, i.e., 18.3 for the simulation and 22.2 for the experiment, were employed in calculating V E . In this case, m values for five types of specimens were averaged irrespective of specimen types for simulated and experimental results, respectively. Figure 11 shows the relation between the mean strength r m and the effective volume V E calculated as above, for each type of specimen. As for simulated mean strength plotted in Fig. 11 , the mean strength for sample size of 1000 is depicted with solid marks, and error-bars indicate ranges of the maximum and minimum values of mean strength for sample size of 10. The solid straight-line in Fig. 11 represents the relation of Eq 10 obtained by regression for the simulated mean strength for sample size of 1000, which is expressed as follows:
The m value is expected to be 18.3 by comparing Eq 11 with 10, and the value coincides with the averaged one used in calculating the effective volume for the simulation. Two dotted straight lines indicate the relations by regressions for the maximum and minimum values of mean strength for sample size of 10. These dotted lines give, respectively, the upper and the lower bounds in simulated strength scatter in the correlation of the mean strength with the effective volume. As seen in Fig. 11 , experimental results are almost covered between the two dotted lines. This suggests that a variation in experimentally measured strength may be estimated within the range of the mean strength simulated using the present procedure.
Conclusions
In this work, the effect of sample size, i.e., number of tested specimens, on statistical properties of strength in alumina was investigated using a developed simulation procedure in framework of fracture mechanics.
A procedure for numerical simulation of Monte Carlo type was developed based on a previously proposed procedure to estimate strength of ceramic materials by taking account of size and spatial distributions of cracks, and grinding-induced residual stress. A criterion of constant fracture toughness and characteristics of crack distribution in a material was assumed in the simulation procedure. The crack distribution was determined so that the strength characteristics in a round robin test using many specimens of reference type could be fitted appropriately. Simulations using the developed procedure were carried out 1000 times for three types of smooth specimens and two types of notched specimens of a sintered alumina. Effects of sample size on strength properties were clarified. It was found that a scatter in simulated mean strength increased with decreasing sample size. To verify the validity of the developed procedure, simulated mean strength was compared with experimental one for five respective types of specimens. The result showed that the experimental mean strength obtained using a small sample size was almost covered within a range of upper and lower bounds of mean strength simulated for various sample size. The relations between the mean strength in experiments and the effective volume for five distinct types of specimens were included within a band range of the simulated mean strength correlated with the effective volume. Finally, it may be concluded that the presently developed procedure is useful in estimating the variation in mean strength, which is ordinarily obtained using ceramic specimens of a small sample sizes in experiment. 
